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Abstract Motivated by the latest discovery of doubly charmed tetraquark 7. by LHCb collaboration, we have studied the magnetic
moments of the possible doubly heavy pentaquark states with quantum numbers J ¥ = 1/2~ and J¥ = 3/2~ within the light-cone
sum rules method. In the analysis, these possible pentaquark states are considered in diquark—diquark—antiquark structure. The
magnetic moments of hadrons encode helpful details about the distributions of the charge and magnetization inside the hadrons,
which help us to figure out their geometric configurations. As a by-product, the electric quadrupole and magnetic octupole moments
of the spin — 3/2 doubly heavy pentaquark states are also extracted. These values show a non-spherical charge distribution. It will be
interesting and useful to examine the magnetic moments of these possible doubly heavy pentaquark states with different theoretical
approaches.

1 Introduction

The first experimental discovery came in 2003 with the discovery of the X(3872) state [1], although they were theoretically predicted
long ago that states other than conventional hadrons could exist. Since then, scientist have paid more and more attention to the study of
exotic states that are very different from conventional hadrons. The investigation of exotic states and how the quarks are got together
inside plays a important role for comprehension the low energy QCD, and it is very crucial to search for them in experiments. To
date, many of multiquark states have been observed by different experimental facilities. Recent progress regarding these multiquark
states can be seen in Refs. [2-16].

In 2015, the LHCb collaboration explored the Ag — J /¥ K~ p process and announced the observation of the two candidates
for pentaquark states, P.(4380) and P.(4450), in the J /v p invariant mass distribution [17]. In 2019, three new pentaquark states,
P.(4312), P.(4440) and P.(4457), were reported in the updated analyses of the LHCb collaboration [18]. These pentaquark states
were discovered in the J/v p invariant mass spectrum, indicating that all the states include a combination of the uudcc quark
flavors. In 2020, the LHCb Collaboration announced a pentaquark state, P.;(4459), in the invariant mass spectrum of J /¥ A in the
Eg — J/¥ A K~ decay [19]. Since this pentaquark state is observed in the invariant mass distribution J /v A, the quark content is
considered to be udscc. It should be noted here that most of the heavy multiquark states discovered in the experiment so far have a
hidden-charm/bottom quark structure. Recently, the first two charm quark-containing exotic state, 7.\, was observed by the LHCb
collaboration in the D D%+ mass spectrum [20, 21]. Its mass, with respect to the D D** threshold, and width have been measured
tobe dm = my+ — (mpo + mp=) = —273 £ 61 &+ 5t} KeV, I' = 410 £ 165 & 43*'% KeV. The spin parity of 7. tetraquark
state was estimated by the experiment as J© = 1*. Clearly, the discovery of 7.}, tetraquark state will open a new window to search
for the new states beyond the standard hadrons, both experimentally and theoretically. If the 7', is the doubly charmed tetraquark
state exist, there may also exist the doubly charmed pentaquarks state. This argument is very similar to the underlying reasoning
of predicting the hidden-charm pentaquarks from the existence of the hidden-charm tetraquark states. The only difference is that
now we have two charm quarks instead of a cc pair. If these doubly charmed pentaquark states do not exist, it also is important,
in our opinion, to explore the reasons why they are not. Inspired by this, it is well motivated and very interesting to search for the
possible doubly charmed pentaquark states. We would also like to point out that in Refs. [22—-24], mass and possible decay channels
of possible doubly charmed pentaquark states have been investigated within molecular pictures. In these studies, it has been shown
that these possible pentaquark states are below the threshold of the possible meson—baryon state. In the study conducted in Ref. [25],
possible pentaquark states are considered as compact pentaquarks and the results obtained seem to be consistent with the results
obtained with the molecular pictures. Based on results of these studies, it can be seen that these possible pentaquark states might be
below threshold and hence stable.

Compared to the doubly heavy baryons, the doubly heavy pentaquark states should be expected to be heavier. But, the sophisticated
interactions within multiquark states may lower the mass, which likely makes it hard to separate experimentally a traditional baryon
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from a pentaquark state just from the mass consideration. Examining other properties of these states along with mass, such as
electromagnetic properties, can help shed light on the inner nature of these states. The magnetic dipole and higher moments of
hadrons can help us to obtain helpful details on the charge and magnetization distributions as well as their geometric shape. In this
work, we study the magnetic moments of spin — 1/2 and spin — 3/2 doubly heavy pentaquark (For short Pé/ Q2 and Pé/ é, respectively)
states using the light-cone sum rule formalism [26-28] in the compact pentaquark picture. The attractive interaction induced by
one-gluon exchange supports formation of the diquarks in color antitriplet and the supported configurations are the scalar and
axialvector diquark states from the QCD sum rules [29-32]. In case of the heavy diquark systems, only the tensor and axialvector
diquarks remain because of the Fermi—Dirac statistics, the axialvector diquarks are more stable than the tensor diquarks. Therefore,
in this study, we choose the axialvector type heavy diquark interpolating currents. There are some theoretical estimations on the
internal structure of P./% and P./? states, their masses, production mechanisms and decay channels using different configurations
and models [22-25, 33-37]. It should be noted here that magnetic moments of hidden-charm pentaquark states have been obtained
via different models and substructures [38—45]. Though the short lifetimes of the pentaquark states make the magnetic moment
difficult to be measured at present, more data accumulation in different experiments in the future may make this possible. The
A*(1232) baryon has also a very short lifetime; however, its magnetic moment have been obtained by means of yN — A — Ay
— Ny process [46—48]. The electromagnetic properties of baryons containing two charm quarks have been calculated in the
framework of the lattice QCD method [49, 50], and it may be possible to generalize these analyzes to exotic states in the near future.

This work has the following structure. In Sect. 2, we briefly discuss the formalism and calculate the light-cone sum rule for the
magnetic moments under investigation. In Sect. 3, the numerical analysis and discussions for the magnetic moments are presented.
A brief summary of the article is presented in Sect. 4. The explicit expressions of the photon distribution amplitudes and magnetic

moments for spin — 1/2 doubly heavy pentaquark states are given in Appendixes 1 and 2.

2 Formalism

For magnetic moment analysis, calculations are started by writing the appropriate correlation function in the light-cone sum rules.
This correlation function allows us to calculate the physical quantity to be calculated, in our case, the magnetic moment, in terms of
both QCD and hadron parameters. Then, the correlation function calculated in two different ways is equalized to each other using
the quark—hadron duality. As a final step, Borel transform and continuum subtraction are performed to reduce continuum and higher
states effects.

2.1 Formalism of the Pé/é states

The correlation function required for the computations magnetic moment has the following form:
4 . P 1/2 -p 1/2
I(p, q) :i/d xe’p'X(O|T{J 00(x)J QQ(O)}|O)y, (1)

where y is the external electromagnetic field and the J(x) stands for interpolating currents of the considered spin — 1/2 doubly
heavy pentaquark states. We would like to point out that many possible interpolating currents can be written for exotic states, but
the number of possible interpolating currents that can be written can be slightly reduced when the QCD sum rules and the states
to be examined are taken into account. As we mentioned in the introduction of the text, only axialvector or tensor structures make
significant contributions in case of heavy—heavy diquark configurations. Among these two structures, axialvector structures were
preferred because they are more stable (Considering the heavy quark limit, it can be seen that the tensor structure is proportional
to zero). Apart from the heavy—heavy diquark case, heavy-light diquarks may also be in question. However, due to the lack of
spectroscopic parameters in the QCD sum rules, they are excluded from this work for now, considering that they can be examined
in future studies. Therefore, in this work, we choose the axialvector type heavy—heavy diquark interpolating current and its given as
follows [25]:

1/2 .
T2 (x) = e e e 18 [ Q] (x)Cyyu Qe ()] [ () Cysde ()] ysy™ € (x), )

where Q is ¢ or b-quark and ¢ is u or d-quark.

In order to get the hadronic degrees of freedom of the correlation function, we insert a complete set of intermediate Pé/ Q2 states

with the same quantum numbers as the interpolating currents into the correlation function. As a result, we get

01 Jx) | PP, s) (P2(p+q,5)| J(0)]0)
l—IHad ) _ 00 P1/2 . P1/2( +q. 00 A3
(P, q) [pz—mi)l/g] ( QQ(P s) | oo\Pt4q S))y [(P"'Q)Z_mi]/z] )
00 00
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The matrix element (Pé/Qz( D, s) | Pé/Qz( p +q,s)), inserting Eq. (3) can be described in connection with form factors as follows:

@2p+ C]);L

(Poo(p.5) 1 Po(p+a.9)) =" ip.5)| [Filg™)+ Fala v+ Fata™) 5 -

u(p+q.s). “

12
Poo

We insert Eq. (4) in Eq. (3). Then, after some calculations are made, we get the result for the hadronic side as follows:

(p/+mP1/2> @ (p/+q/+m 1/2)
p+4q) P
n7(p, q) =322 v5 00 ght |:[F1(512) + Falg))]y+ Falgh) = - 1/2”}/5 eer_, )
ee |:P2_mil/2i| Poo |:(P+Q)2_mi,1/2i|
00 00
The value of form factors F} (qz) and Fz(qz) give us the magnetic form factor F M(qz) at different q2 :
Fu(@®) = Fi(¢*) + F2(q?). ©6)
At static limit, i.e., g> = 0, magnetic form factor Fy;(g% = 0) is proportional to the magnetic moment P for real photon :
e
Ipoo = 57— Fulg® = 0). @)
MPoo

The next step is to obtain the correlation function in terms of QCD degrees of freedom. When calculating the correlation function in
terms of QCD degrees of freedom, the explicit forms of the interpolating currents are substituted into the correlation function. Then,
the relevant light and heavy quark fields are contracted via the Wick’s theorem, and the desired results are obtained. Consequently,
we get

NP (p, q) = — i apetadetbfsarae Eaty €y 1y / d*x e (0 | ysy" S5 (—x)y " ys
{7 [755 om 84" @] T [1585 cops8E )]
= Tr [y Com 38 @] T [rs85 comsS w10, ®)

where §le( p) =CS in(Tq)(x)C and S, (x) and S (x) are the light and heavy quark propagators, respectively. Their explicit expressions
in the x-space are presented as

X (q9) mg X\ (4q) 5 o .mg X igs v
M= Ta T (1= 4 )- 192 0% (- 6 )- 2 9 ()] Ko + 0y . ©)
Sot) 22 [ KilmoV=x?) . ¥ Ka(mov/=x?)
R 2 (V) (V=x2)2
. . Ki(mgv—x?)
o /0 AVGH WOl £+ Xop) X ==L + 20, Kolmoy =), (10)

where (gq) is quark condensate, mg is characterized via the quark-gluon mixed condensate (0 | g g5 0, G*V ¢ | 0) = m% (99),
Ko, K1 and K, are modified the second kind Bessel functions, v is line variable and G*" is the gluon field strength tensor. The first
term of the light and massive quark propagators corresponds to the free or perturbative part, and the remaining part is related to the
interacting parts.

The correlation function in Eq. (8) includes different types of contributions: The photon can be emitted both perturbatively and
non-perturbatively. In the first case, one of the free light or massive quark propagators in Eq. (8) is replaced by

Sfree — /d4y Sfree(x _ y) /A(y) SfIEE(y) , (11)

and the remaining four propagators are replaced with the full quark propagators. The light-cone sum rule calculations are most
conveniently done in the fixed-point gauge. For electromagnetic field, it is defined by x,, A* = 0. In this gauge, the electromagnetic
potential is given by

1

1
Ay = —EFa,syf’ = —5(eagp = epqa) ¥". (12)

Equation (12) is plugged into Eq. (11), as a result of which we obtain

1
glree _, —5(aqp — 8ﬂqa)/ dty yP ST (x — y) vy ST(y). (13)
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After some calculations for S;“’e and Seree, we get

e
Sgree — quxz (gaqﬁ — eﬁqa> ()tfaa,g +0up )t,‘),

K (va—x2>
S .eom
Sthee = —1 3QT]T2Q<8aqﬁ — 8ﬁ‘]a> I:ZUQﬂK()(mQ\/ —x2) + T(xo'aﬂ +O'O[,B x):l. (14)

In the second case, one of the light quark propagators in Eq. (8) is replaced by
L _
Sap = = 7@ Tig" ) Tidap, (15)

and the remaining propagators are full quark propagators including the perturbative as well as the non-perturbative contributions.
Here as an example, we give a short detail of the calculations of the QCD representations. In the second case for simplicity, we only
consider the first trace in Eq. (8),

HQCD(P, q)=—i EabcCadelbfg€a'd e €a'b'c’ €L f'g' / d*x eip-x<0 | VSV“gg/C(_x)VvVS
{1 [1esg ComSg @] T [ 1585 ConsSIT o} 1oy, + (16)
By replacing one of the light propagators with the expressions in Eq. (9) and making use of
~a a 1 caa’ -
q"()Tig" (0) > 267 4(x)Tiq(0), a7

Eq. (16) takes the form
HQCD(P, q) = i5ab08ade8bfg8a’d’e’Sa’b’c/gb/f’g’ /d4x e
[ysy“w”ys Tr [ 7,55 o 35" @) Tr 7555 opsSi7 ) [
+ sy S 0y s T [ 1,55 o 55 )| T [y o ]ose
~. / ~ g/ oo/ ’ 1 -
sy Sy ys T [ 1S5 m Sg 0] T [vsS5¢ copst [877 }12<y<q)|q(x)r,-q<0)|0> +oo (8)
where I'; = 1, y5, Yy, i¥5Vy, 0 /2. Similarly, when a light propagator interacts with the photon, a gluon may be released from one
of the remaining four propagators. The expression obtained in this case is as follows:
NXP(p. 4) = i cabctadetbfeearare tavic ey g / d*x el
/ ~ g / ~ ! 7! 1 " /
{ysy“r,-y”ys Tr [ 1S5 357 0] Tr [7585 CopsSIT 0o |[ (5087 — 55°+)
sl 1 / ! ! o 1 / / J gl 1 / !
+ (808 — S0t ) (505578 — Zoec s ) o (5975 — S8l |
3 3 3
~/ / ~ g/ ~ff! ! 1 ! !
sy 8=y ys T [ 1S @S5 0] Tr [T S o[ (5900 — 565
+ (38658’6' —_ £3€€’588’> + (3gd38’d’ — 1388'5‘107’) + (58/"58'1‘" — 1588'5/‘7")]
3 3 3

~ ’ ~ 7 ’ Uy 1 ! /
+ysy 8=y s Te [ 1S @S5 0] Tr [1s85 ops |[ (8787 — 50775

+ (5f63f’€’ _ l(gff'(geel) + ((gfd(gf'd' _ lsff’(gdd') + <5fg3f’g’ _ l(gff"ggg'):l
3 3 3
1 _
X 5()/(6])|£I(X)FiGW(UX)Q(O)lo) +os (19)
where we inserted
_ ’ ’ 1 /1.0 1 / N\ _
GO G2 (vx)g” (0) — g(a“”aa L )q(x)FiG,w(vx)q(O). (20)

As is seen, there appear matrix elements such as (y(g)|g(x)[';g(0)|0) and (y(q)’cj(x)FiGW(vx)q(O)’O), representing the non-
perturbative contributions. These matrix elements can be expressed in terms of photon distribution amplitudes (DAs) and wave

@ Springer



Eur. Phys. J. Plus (2022) 137:936 Page Sof 14 936

functions with definite twists, whose expressions are given in Appendix 1. Besides these matrix elements, non-local operators such
as two gluons (G Ggq) and four quarks (gqqq) are expected to seem. However, it is known that the effects of such operators are
small, which is justified by the conformal spin expansion [51, 52], and thus, we shall ignore them. The QCD representation of the
correlation function is obtained by using Eqs. (8—20). Then, the Fourier transformation is applied to transfer expressions in x-space
to the momentum space.

To find the desired sum rules, we obtain the invariant amplitude P (p, ¢) corresponding to the structure &/¢g/ and match it
to TTH2d(p, ¢). We perform the double Borel transformation to both representations of the acquired equality, which is needed to
suppress contributions of the higher resonances and continuum states. The last operation to be applied is continuum subtraction,
which is obtained by invoking assumption on quark—hadron duality. After these steps, we acquire the required sum rules for the
magnetic moments:

'”zpl/z
2 g2  QcD
MPI/Z)\. 172 mPI/Z =e M A . (21)
00 Pgo too

Explicit forms of the analytical expressions obtained for the AQCP function are given in Appendix 2.

2.2 Formalism of the PZ/QZ states

In the present subsection, we derive the light-cone sum rule for the magnetic moments of the Py 32 pentaquark states. To do this, we
begin with subsequent correlation function,

. 4. ip-x ;/Qz P;/é
M, q) = i / x0TI ()7 22 010 22)
Y

3/2
where the interpolating current of doubly heavy pentaquark states with J ¥ = % is denoted J (%)Q In the compact pentaquark
picture, it is given as [25]
p32

I 20 (x) = 6904 b8 [ O (1) Cy, 0, (0)] [ (1) Cysdy (1] €Y (). (23)

The correlation function obtained depending on the hadron parameters is written as,

i

(PY2(p+a.)1 1,2%0) | 0)
o) | PYo(p+q.5))y 00 @

|:(P +Q)2 m 3/2]

3/2(17’ $)) ( p32

Pda
1 tad 01 J,2°0) | P

7y (paq) =
2 2
p-—m 32]
|: P35

The matrix element of the interpolating current between the vacuum and the P 3/2 o pentaquark is defined as

P32

0] 7,22 x) | Pyo(p.5) = A p2tn(p:8),

3/2

(P2(p+q.9)1 7, 2%0) | 0) = 2 pi2iin(p+4.5), 25)

where the u,(p, s), uy(p + ¢, s) and 1 32 are the spinors and residue doubly heavy P pentaquark states, respectively.

The transition matrix element ( ( p) | P ( p +q)), entering Eq. (24) can be written as follows [53-56]:

1 v
(Poo(p-5) | Poop+a.9) = —eiiulp. s)[m(qz)gw— S L2080 + F4<qz>%]m
Poo Poo
2 1
+ F3(q )(Zmp3/2)2‘1u¢Iv;9{:|Mv(p+q,S), (26)
0

where F;’s are the Lorentz invariant form factors.

In principle, we can derive the hadronic representation of the correlation function employing Egs. (22)-(26), but in this case
we run into two undesirable problems. The first of these problems is that the Lorentz structures in the correlation function are not
independent, and the second is that the correlation function also contains spin-1/2 contributions. Indeed, the matrix element of the
current J,, between vacuum and spin — 1/2 doubly heavy pentaquarks is nonzero and is determined as

(01Ju0) | B(p,s =1/2)) = (Apu + Byu(p, s = 1/2). 27
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As is seen, the undesired spin — 1/2 effects are proportional to y;, and p,. By multiplying both sides with * and using the condition
y*J, = 0, one can specify the constant A in terms of B. To eliminate unwanted effects of the spin — 1/2 states and acquire only
independent Lorentz structures in the correlation function, we carry out the ordering for Dirac matrices as y,, p/¢/q/y, and eliminate
expressions with y;, at the beginning, y, at the end and those proportional to p,, and p,, [57]. Consequently, employing Eqgs. (22-26)
the hadronic side takes the form,

2
"5 F5(¢%)
Mad(p, q) = = [gw pEAFI(G) — My 8w #4 Pa(q*) = = s ¥
|:(P+q)2—m23/2]|:p2—m23/2] Poo
oo oo
Fi(q®)
——=—Epaua pd/ + ... |- (28)
dm> 5
Poo
The final form of the hadronic description is associated with the chosen structures as follows:
M (p.g) = 1 gy p o f + T3y #4f + ... (29)

where H?ad and H?ad are functions of the form factors Fj (qz) and Fz(qz), respectively; and other independent structures and form
factors are denoted by dots.
The magnetic form factor, G M(qz), is characterized with respect to the form factors F; (qz) as follows [53-56]:

4 2
Gu(g®) =[Fi(g") + Fz(q2>](1 + §r> = 5[F3(@®) + Fa(g)lr(1 + ), (30)
where T = — 4m‘£2 LAt q2 = 0, the magnetic moment is obtained with respect to the functions F;(0) and F»(0) form factors as:
"
Gu(0) =Fi(0) + F2(0). (€20)]

The magnetic moment (u P3/2) is described as follows,
00

e

Mp3 = Gum(0). (32)

00 2m 32
Poo

When we perform the above processes, the calculations in terms of hadronic parameters, which are the first step of light-cone sum
rule calculations, are completed.

The second step in light-cone sum rule calculations is to evaluate the correlation function in Eq. (22) in connection with quark-
gluon parameters as well as photon DAs. Repeating the processes in the previous subsection gives the subsequent result:

. ~
HQCD(P, q)=i EabcCadelbfg€a'd e’ €a'b'c’ €L f'g' / dhx e (0] Sg “(—x)

{7 [1u85 om 84" @] T [ 1585 cops 8l )]
= T [ on 55 0] Tr [1555 s3] | 10),. . (33)

Consequently, the QCD representation of the correlation function in connection with the chosen structures is computed as

NP (p, q) =N¥Pgun ptd + N5 guv #d +.... (34)

Since the l'IlQCD functions are very lengthy, their explicit forms are not given here.

We have obtained the correlation function in terms of both QCD and hadronic parameters. For the magnetic moment calculations,
the QCD and hadronic descriptions of the correlation function are equalized using the quark—hadron duality ansatz. By matching
the coefficients of the structures g,,, p/&/q/ and g,,,¢/q/, respectively, for the F; and F>, we get light-cone sum rules for these two
form factors. Consequently, we acquire,

mHd(p, ) = NXP(p. ). (35)

Analytical expressions have also been obtained for the Pg/Qz doubly heavy pentaquarks. The next step will be to perform numerical

calculations for both Pé/é and Pé/ Q2 doubly heavy pentaquarks.
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3 Numerical analysis

The light-cone sum rule for magnetic moments of the Pé/Qz and Pé/Qz states contains many input parameters that we need their

numerical values. We use m, = mg = 0, mc = 1.275 £0.02 GeV , mp = 4.18t%%32 GeV [58], f3, = —0.0039 GeV? [59],
(iiu) = (dd) = (—0.24 £ 0.01)> GeV? [60], m3 = 0.8 0.1 GeV? [60] and (g>G?) = 0.88 GeV* [61]. To further the numerical
analysis, we also need the numerical values of the mass and residues of these states. In Ref. [25], these values were obtained
within the framework of the mass sum rules. The obtained results for masses and residues are given as m pl2 = 4.21t%"1]0] GeV,
myy2 = 42745k GeV.,m Pl = 10.75*%1% GeV ., m Pl = 10.765G} 5 GeV. A p1p = (2.5175%5) x 1077 GeVO, 43 =
(1.65745) x 1073 GeVO, 4,12 = (7.53%%) x 1072 GeV® and A 52 = (4.2774%) x 107 GeV®. One of the fundamental
components of the light-cone sbl?m rules for the magnetic moment is themf)hoton DAs. The values of DAs are obtained in Ref. [59],
which we will employ in our numerical computations. The explicit expressions of the photon DAs are given in Appendix 1.

The light-cone sum rules calculation for magnetic moments of doubly heavy pentaquarks also contains two arbitrary parameters:
the Borel mass M? and the continuum threshold so. According to the philosophy of the method used, we should find the working
intervals in which the magnetic moments are practically insensitive to variations of these parameters. To do this, two constraints
are applied, such as pole contribution (PC) and convergence of operator product expansion (OPE). Our numerical analysis indicates
that the requirements of the method are fulfilled in the regions of arbitrary parameters presented as

23.0 GeV? < 59 < 25.0 GeV?,
5.0 GeV? < M? <7.0 GeV?, (36)

for doubly charmed pentaquark states and

121.0 GeV? < sy < 125.0 GeV?,
11.0 GeV? < M? < 15.0 GeV?, (37)

for doubly bottom pentaquark states. In our calculations, PC changes on average within limits 0.33 <PC < 0.58, which is acceptable
for multiquark states. When we examine the OPE convergence, we have obtained that the contribution of the higher-dimensional
term in OPE is less than ~ 1%. As can be seen from these results, the chosen working regions for M? and sy meet the requirements
of the method.

In Fig. 1, as an example, we plot the dependencies of the magnetic moments of doubly charmed pentaquark states on M? at
several fixed values of the so. As can be seen from the figure, though being not completely insensitive, the magnetic moments show
reasonable dependency on the arbitrary parameters, so and M?> which is acceptable in the error limits of the light-cone sum rule
method.

We have determined all the parameters we need to complete the numerical analysis of magnetic moments. Using the values of
the parameters we determined, we give the numerical results we obtained for the magnetic moment as follows:

I’LPccudit = 108-:00%% KN, I’LPb[wdﬁ = _248-:%7647 HN, (38)

wp, =093 % uy, e, = —3.09%% uy. (39)

for spin — 1/2 doubly heavy pentaquark states,

/"LPL'L'u(l'ﬁ = 4'231-210508 KN, I"Lthud& = 5'46"—-11%% HUN, (40)
MPCCudJ = 2'011-%8765 N MPI)hudJ = 3'141—%6641 KN, (4])

for spin — 3/2 doubly heavy pentaquark states. The errors in the results given in Eqgs. (38) and (41) are due to all input parameters,
extra parameters such as so and M2, as well as the parameters on which the wave functions used in the photon distribution amplitudes
depend. The magnetic moments of the doubly heavy pentaquark states have been extracted from the light-cone sum rules employing
for their physical representations a simple-pole approximation [see, Eqs. (3) and (24)]. In the case of the multiquark hadrons such
approximation should be verified by supplementary arguments, because a physical side of relevant sum rules receives contributions
from two-hadron reducible terms as well. This problem was first proposed during theoretical studies of the pentaquarks [62, 63].
Two-hadron contaminating terms have to be considered when extracting parameters of multiquark hadrons. In the case of the
multiquark hadrons, they lead to modification in the quark propagator

1 1
— (42)

m>—p* w2 — p2—i/p(p)
where I'(p) is the finite width of the multiquark hadrons generated by two-hadron scattering states. When these effects are properly
considered in the sum rules, they rescale the residue of the multiquark hadrons under investigations leaving its mass unchanged.
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Fig. 1 Dependencies of magnetic moments of PCIC/ 2 and PCSC/ 2 states on M2 at three different values of so; a and b for Pclc/ 2 states; and ¢ and d for ch/ 2

states

Detailed investigations show that two-hadron scattering effects are small for multiquark hadrons (see Refs. [63—73]). Therefore, in
the present study the zero-width single-pole approximation has been used.

When the results in Egs. (38—41) are examined, it can be seen that the results acquired for the magnetic moments are of measurable
size in the experiments. It is seen that the spin-1/2 doubly heavy pentaquarks results are close to each other, but the difference between
the results of the spin — 3/2 doubly heavy pentaquark states is on the order of two. To understand the reason for this difference, we
extracted the individual quark contributions to the magnetic moments. This can be done by dialing the corresponding charge factors
eq and eg. In case of spin — 1/2 doubly heavy pentaquarks, we obtained that these magnetic moments are dominantly determined by
the heavy quarks. The situation is the opposite in the spin — 3/2 doubly heavy pentaquarks. In this case, the dominant contribution
comes from light quarks and the contribution of heavy quarks is negligible. A more detail investigation shows that the smallness of
the heavy quarks contributions is due to an almost exact cancelation of the expressions involving the heavy quarks, though these
expressions are not small themselves. It will be interesting and useful to examine the magnetic moments of these doubly heavy
pentaquark states with different theoretical approaches.

In Refs. [41, 42], the magnetic moments of the P.(4312) and P.(4380) hidden-charm pentaquark states have been acquired
within light-cone sum rules by assuming them as diquark—diquark—antiquark and molecular configurations. In these studies, the quark
content of both P.(4312) and P.(4380) hidden-charm pentaquark states are considered as ccudu, and the obtained magnetic moment
results for the diquark—diquark—antiquark picture have been given as 1 p.4312) = 0.40 £0.15 pun and pp,4380) = 1.30 £0.50 .
When the comparison is made for the states with the same quark content, it is seen that there is a significant difference between the
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magnetic moment results obtained for the hidden-charm and doubly charm pentaquarks. Whether the results obtained in this study
are consistent or not can be seen by examining the magnetic moments of these possible doubly heavy pentaquark states with other
theoretical models.

For completeness, we have also acquired higher multipole moments, electric quadrupole (Q) and magnetic octupole (O), of the
Pé/é pentaquark states as

Peeudistate : Q = —0.0487 G416, fm?, O = —0.0227 4% fm”, 43)
Popuagstate : @ = —0.22°40% fm*, O = —0.107G} fn’, (44)
Pggstate : @ = 0.024*G%0% fm*, 0 = 0.0117Gp, fm®, 5)

Pypuqastate 1 Q = 0.1174 %L fm?, 0 = 0.06*%%2 fm®. @)

As can be seen from these results, the charge distribution of the Pé/é pentaquark states is non-spherical. The sign of electric
quadrupole moment is positive for Py, ;7 pentaquark states and negative for Pgouqi pentaquark states, which correspond to the
prolate and oblate charge distributions, respectively.

4 Summary

Motivated by the latest discovery of doubly charmed tetraquark 7.}, by LHCb collaboration, we have studied the magnetic moments
of the possible doubly heavy pentaquark states with quantum numbers J© = 1/27 and J© = 3/2~ in the framework of the light-
cone sum rules method. In the analysis, these possible pentaquark states are considered in diquark—diquark—antiquark structure. We
have also acquired nonvanishing values for the electric quadrupole and magnetic octupole moments of spin — 3/2 doubly heavy
pentaquark states which mean non-spherical charge distribution. The magnetic dipole and higher multipole moments of hadrons
encode helpful details about the distributions of the charge and magnetization inside the hadrons, which help us to figure out
their geometric configurations. The discovery of the first doubly charmed tetraquark state gave a new platform for hadron physics.
More theoretical and experimental attempts are required for to figure out its fundamental structure and non-perturbative nature of

QCD dynamics in this region. It would be exciting to predict future experimental attempts that will search possible doubly heavy
pentaquark states and test the obtainment from the present analysis.

Data Availability Statement This manuscript has no associated data or the data will not be deposited. [Authors’ comment: This is a theoretical research
work, so no additional data are associated with this work.]

Appendix 1: Distribution amplitudes of the photon

In the present appendix, the matrix elements (y (q)|g(x)[";¢(0)|0) and ()/(q)‘c}(x)r‘,- G Wq(O)‘O) associated with the photon DAs are
presented as follows [59],

r(@1G(x)y.q0)|0) = ¢ f3, (eu - qu%> fo l due ™" (u)
(@IArsgOI0) = e fycuape’a"s” /0 ' due )
(7(@)13(x)0,,q(0)|0) = —iey(Gq)(uqy — Evqu) /0 ' duei <x¢y(u> + iA(u))
~ Sy [xu (su - qu%> — (su - qf]—’;)] /0 ' due )
(Y (@IG(¥)gs G (wx)g(0)|0) = —ieg(Gq) (euqy — £vqp) / Daje! a1 S ()
V(@IG(0)gs G (wx)iysq(0)|0) = —ieg(Gq) (euqy — vy f Daje! T4 S(a;)
V(@G85 G v (WX)Ya v59(0)|0) = €4 f3yqa(Euqy — £q,) / Daje! T+ Aa;)

P @DIG)E G (00 e g (O)[0) = g Fry G (Ents — ) / Dot @i (g
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(gﬂv - 7(‘]/3)5\; + qux5)>qa &y

(gu/fi - 7(4#%‘5 + Qﬂxu)> qv

gvp — 7(%))% +Qﬂxv))qlt

1
— —(quXa + qax
8ua qx(‘]u a T qa ;L))Qv

&£x 1 o
+ (85 —qp q7x> (gw — q—x(qvxa + qax,,))qu] /'Daie’(aq+vag)4x7-2(ai)

1 o
+ qix(%l.xv - CIUXM)(eaQﬁ - Sﬂqa) / Daiel(aq+vag)qx73(ai)

1 o
+ E(q“xﬁ — gpxa)(Engy — 8vqu)/Daie’(“q”“g)‘”ﬂ(ai)} ,

£x 1
- Cquix 8o — qix(CIozx;L +(Zuxot) qp
£x i(ag+vag)gx
+ & — quq 8pu — 7(%% +quxp) |qa | | Daje" T ()

where @, (1) is the DA of leading twist-2, ¥ (u), ¥“(u), A(e;) and V(«;) are the twist-3 amplitudes, and £, (1), A(u), S(a;), S(ap),

T1(ai), To(i), T3(e;) and 74(c; ) are the twist-4 photon DAs. The measure De; is defined as

1 1 1
/Dal- :/ dag/ dozq/ dagd(l —ag —ay —ag) .
0 0 0

The expressions of the DAs that entering into the matrix elements above are described as follows:

3
@y (u) = 6uu (1 +o2(u)C5 (u — ﬁ)>,

YU) =3(3Qu — 12 — 1) + i(15wa = 5wt ) (3 - 30Qu — 1? +352u — D?),

64
QN1 N2 22 9 v_3 4
Vi) =(1—Qu—1)7)(5Qu—1) 1)2<1+16wy 16wy>,

hy(u) = —10(1 + 2K+)c§(u — i),
Adu) =40u?i® 3k — k* +1) +8(¢5 — 3¢)[uit(2 + 13ui)
+ 20> (10 — 15u + 6u2)ln(u) +2i°(10 — 150 + 6it*) In(ir) ],

Alet;) =360 050 <1 +w 7(701g 3)),
V() = 540w}‘,/(aq — a(;)aqaqaé,
Ti(a) = — 120382 + &5)ag — ag)agogog,
To(a;) = 30a§(aq —ag)((k — k) + (1 — (1 — 20,) + 023 — 4aty)),
T3(a;) = — 120352 — &) ) — ag)agagag,
Ta(e) =300 (o — o) (i + k1) + (1 + (1 — 200) + (3 — dary)),
S(e) =300 {(c + k)1 — arg) + (€1 + (1 — ae)(1 — 2g)

+ 0230 — ag)® — e (1 — )]},

S(ai) = = 300 {(k — )1 — g) + (01 — ¢ — ag)(1 = 20) + 22[3(eg — 0g)* — arg(1 — )]}

Numerical values of parameters used in DAs are: ¢2(1 GeV) = 0, w)‘,/ =3.8+£1.8, w;} =-214£10,«=0.2,«

and & = 0.3.
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Appendix 2: The explicit expression of A 2¢P function

In here, we present the explicit expression for the function ARCP acquired from the light-cone sum rule in subsection 2.1. It is
acquired by selecting the ¢ p structure as follows:

QCD P 2 2
AQCD _ 3993465603 10Py(eq +e,) | 4mp 3m0(1[0,2, 1,0] —2110,2, 1,11+ 1[0, 2, 1, 2] — 21[0, 2, 2, 0]

+2110,2,2,11+1[0,2,3,0] = 2(/[1, 1, 1,0] = 21[1, 1, 1, 11+ I[1, 1, 1,2] = 2I[1, 1,2,0] + 2I[1, 1, 2, 1]
+I[l,1,3,0])>+4(1[0,3,1,0]731[0,3, 1,11+31[0,3,1,2] — 1[0, 3, 1,3] — 21[0, 3,2, 0] +41[0, 3, 2, 1]
+1[0,3,3,0] —7[0,3,3, 1] +3(/[1,2,1,1] = 2I[1,2,1,2] + I[1,2,1,3] = 21I[1,2,2, 1]+ 21I[1, 2,2, 2]
—2110,3,2,2]1+1[1,2,3, 1]))) +3<I[0, 4,2,0]1 —31[0,4,2,1]+31[0,4,2,2] — 1[0, 4,2,3] — 31[0, 4, 3,0]

+61[0,4,3,1] —31[0,4,3,2]+31[0,4,4,0] —31[0,4,4,1] — 1[0,4,5,0] +4(31[1,3,2,1] — 31[1, 3,2, 2]

+1[1,3,2,3]1+3(—=21I[1,3,3, 11+ I[1,3,3,2] + I[1, 3, 4, 1])))i|

+9eg |:16sz (5P1 (1[0, 3,1,0] — 21003, 1, 1]+ 1[0, 3, 1, 2] — 21[0, 3, 2, 0] + 21[0, 3, 2, 1]+ 1[0, 3, 3, 0])
- 45m§<1[0, 4,1,1] = 2110, 4, 1,2] + 1[0, 4, 1,3] — 21[0, 4,2, 1]+ 21[0, 4,2, 2] + 1[0, 4, 3, 1]) + 18(1[0, 51,2

—2110,5,1,3]1+1[0,5,1,4] — 2110, 5, 2, 2] + 21[0, 5, 2, 3]+I[0,5,3,2])> +3<5P1(1[0,4, 2,0] —31[0,4,2,1]
+31[0,4,2,2] —1[0,4,2,3] — 31[0,4,3,0] +61[0, 4,3, 1] — 37[0, 4, 3,2] +37[0,4,4,0] — 31[0,4, 4, 1] — 1[0, 4,5, 0]
+4@3I[1,3,2,11 =31[1,3,2,2]+1[1,3,2,3]+3(—2I[1,3,3, 1]+ I[1,3,3,2] + I[1, 3, 4, 1])))

+ 36m%(1[0, 5,2,0] —4110,5,2,1]1+61[0,5,2,2] —41[0,5,2,3]+ 1[0, 5,2,4] — 31[0, 5, 3,0] +91[0, 5, 3, 1]

—9I110,5,3,2]+311[0,5,3,3]1+31[0,5,4,0] — 6I[0,5,4,1]+31[0,5,4,2] — 1[0, 5,5,0] + 1[0, 5, 5, 1]
+5(111,4,2,11 - 31[1,4,2,2] +31[1,4,2,3] — I[1,4,2,4] — 3(1[1,4,3, 1] — 2I[1,4,3,2] + I[1,4, 3, 3]

—1I[1,4,4,11+1[1,4,4,2]) — I[1,4,5, 1]))) - 36(2[[0, 6,2,1]1—-71[0,6,2,2]+91[0,6,2,3] —5I[0, 6, 2, 4]

+1[0,6,2,5] —6I[0, 6,3, 1]+ 151[0, 6, 3, 2] — 127[0, 6, 3, 3] + 31[0, 6, 3, 4] + 61[0, 6, 4, 1] — 91[0, 6, 4, 2]
+31[0,6,4,3] —21[0,6,5,1]1+ 1[0, 6,5, 2] +6<1[1, 5,2,2]1=31[1,5,2,3]1+31[1,5,2,4] — I[1,5, 2, 5]

—3([1,5,3,2] = 21I[1,5,3,3]1+ I[1,5,3,4] — I[1,5,4,2]1 + I[1,5,4,3]) — I[L, 5, 5,2]>>i|}

+ (13589;% {2560@, — eu) frymy Pir*RLIANI0, 2, 2, 0] — Is[y,41110, 2, 3, 0])

— 80m?%, (144(2ed +ey) frym3n? LIV + ey Pi( — 4411[S] — 3311 [T2] — 18413[S]+ 13815[ 711 + 193 15[ Ta]
+ 1113[71]))1[0, 3,3,0] — 345¢, Py (411 [S]— 31 [T2] + 613[72]>1[0, 4,5,0]+3602¢4 + €,) f3, 72 L[V]
x (32m2QI[0, 4,3,0] +3m0%1[0, 4, 5, 01) + 864(8eqm2Q(413 [S]1=31[71] - 3L[1DI10, 5, 3, 0]

+Qea+e) fry T BIVIIO, 5,5,01) = 432¢, (411[S) = 31T +2~85(S] + 651711 + 851 Ta] + I Ta)))
x 1[0, 6,5,0]
+2560(eq — e,,)f3ym2QP1712(1[0, 2,1,0] -21[0,2,1, 1]+ 1[0, 2, 1, 2] — 2110, 2, 2, 0] + 2110, 2, 2, 1] + 1[0, 2, 3, 0])

X Y [uo]}, (47)

where P; = (gssz) is gluon condensate, P, = (gq) stands for u/d-quark condensate. We should also remark that in Eq.(47);
for simplicity, we have only given the terms that give significant contributions to the numerical values of the magnetic moments
and neglected to give many higher-dimensional operators though they have been taken into account in the numerical analyses.
The I[n, m, I, k], L[ F], LIF], [F], 14[F], Is[F]and I¢[F] functions are defined as:
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In,m,l, k] = /SO als/1 dt/la’w e~/M? gn (s —4m2Q)m thwk,
4m?, 0 0
L[F]= / Dy, /(;1 dv Alag, a4, ozg)é/(aq +vag — up),
L[F] = / Dy, /(;1 dv Alag, o, ozg)é/(aq +vag — up),
L[F] = / Dy, /(;1 dv Alag, oy, ag)d(ay + vag — ugp),
L[F] = / Dy, /(;1 dv Alag, oy, ag)d(ag + vag — ugp),
I5[F]= /01 du A(u)8'(u — uo),

1
I6[F] = / du Aw),
0

where F denotes the corresponding photon DAs.
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